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Abstract
A new scheme of quantum coding is presented. The scheme concerns the quantum
states to which Schumacher’s compression does not apply. It is shown that two qubits can be
encoded in a single qutrit in such a way that one can faithfully reconstruct the state of one
qubit. Decision on which of these two qubits is to be reconstructed can be made long after the
encoding took place. The scheme succeeds with the average probability of  2/3.
PACS number(s): 03.67.-a
Information processing based on quantum effects reveals many interesting and useful
features. In the last decade a variety of protocols dealing with quantum information have been
proposed. Among them are quantum teleportation [1], dense coding [2] and Schumacher’s
compression [3]. For example, Schumacher found the condition for reliable compression of
quantum information. The compression scheme enables to encode a collection of qubits into a
smaller one, provided that the von Neuman entropy of a single qubit is less than unity. No
reliable compression scheme exists if the density matrix of a qubit is proportional to identity,
i.e. in the case of a totally unknown quantum state. It is interesting, however, to ask if in such
a case there exists any quantum coding, which enables compression-like encoding and partial
2decoding of quantum information. In this paper we consider a problem of coding two non-
entangled qubits in one qutrit.
In general a pure state of two qubits is described by 4 complex numbers (8 real
numbers). These numbers satisfy the normalization condition and in addition one real number
(global phase) is meaningless. So one has effectively 6 real numbers. The pure state of one
qubit is described by two real numbers, so the state of two non-entangled qubits is described
by 4 real numbers. The pure state of one qutrit is also described by 4 real numbers. One can
thus consider the possibility of encoding the state of two non-entangled qubits in a qutrit. If it
were possible without limitations one would be able to encode two bits of classical
information in a single three-dimensional quantum particle. This of course contradicts the
Holevo bound which states that a d -dimensional quantum particle can carry at most d2log
bits of classical information [4]. We will present a probabilistic scheme which allows
encoding of the state of two non-entangled qubits in a single qutrit and decoding of the state
of one arbitrary qubit. Decision on which of these two qubits is to be decoded can be made
long after the encoding took place.
Let us consider two qubits, the first one in the state
( ) ( )
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where 
21
000 = , 
21
011 = , 
21
102 = , 
21
113 =  and it is of course non-entangled.
To encode this state one prepares auxiliary qutrit in the state
( )210
3
1
++=Φ                                                     (2)
and performs projective measurement on the state ΨΦ  given by four projectors
32332122101100 ++=P                                        (3)
2002133102201 ++=P                                       (4)
2112100103302 ++=P                                        (5)
2222111100003 ++=P .                                      (6)
If one obtains 0P  as a result of the measurement, which happens with the probability
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By performing the unitary operation U  given as 4modijiji −→  one obtains the
auxiliary qutrit in the state
( ) ( )(
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while the original system ends in the state 1 . Let us emphasize that the state 0Φ  is the
same (up to normalization) as the state Ψ  with the 0  term removed and the other states
labels renamed. Similarly, if we obtain jP  as a result of the measurement and perform the
unitary operation U , then the state of the qutrit jΦ  is the same as the state Ψ  with the j
term removed. As will be shown later one can probabilistically decode from the qutrit one
arbitrary chosen qubit. To achieve this task one has to store two bits of classical information
about the result of the measurement.
4Let us calculate how much information is obtained after the encoding [5]. The a priori
probability for random preparation ( )21,θθ  of two non-entangled qubits is
( ) ( ) ( )2121, θθθθ ppp = , where
( ) ( )aap θθ sin2
1
=  ( 2,1=a ) .                                              (10)
This probability does not depend on phases aϕ . The a posteriori probability for preparation
( )21,θθ  and the result j  is given by Bayes’s theorem as
( ) ( ) ( ) ( )jppjpjp 212121 ,,, θθθθθθ = . ( )21,θθjp  is the conditional probability for the result
j  and ( ) ( ) ( )∫∫= 212121 ,, θθθθθθ ddpjpjp  is a priori probability for the result j . For
example in the case of 0=j  result, one obtains
( ) 21221221 sinsin2cos2cos13
10, θθθθθθ 


−=p .                               (11)
Although the probabilities do depend on j  all the information gains calculated in this paper
are independent of j . The information gained in the process of encoding EI  calculated as the
difference between the initial entropy and the final entropy
( ) ( ) ( ) ( )∫∫∫∫ +−= 21212212121221 ,log,,log, θθθθθθθθθθθθ ddjpjpddppI E        (12)
equals 0735.0  bits. The information gained on the state of each qubit alone can be calculated
as
( ) ( ) ( ) ( )∫∫ +−= aaaaaaEa djpjpdppI θθθθθθ 22 loglog ,                      (13)
where 2211 ),()( θθθθ djpjp ∫=  and 1212 ),()( θθθθ djpjp ∫=  are marginal probabilities. It is
independent of a  and equals 027.0 bits. One sees that the information gained on the total
system is greater than the sum of the information gained on two subsystems considered
separately. It should not be surprising because the measurement performed in the process of
encoding is nonlocal.
5Let us now present how to decode one arbitrary chosen qubit from a given qutrit. We
emphasize that the procedure of decoding is non-deterministic in the sense that having chosen
one qubit we can decode it with a probability of success less than unity. However, it is known
if decoding is successful. We do not restrict the generality of our considerations if we focus
on a particular case of decoding of the first qubit 1Ψ  from the qutrit 0Φ . In order to
perform the decoding procedure one makes the projective measurement on the state 0Φ
given by projectors
2211 +=SQ                                                        (14)
00=FQ ,                                                           (15)
where the subscripts S  and F  stand for success and failure, respectively. If one obtains SQ
as a result of measurement, then the state of the system is
( ) ( ) 22sin12cos 1111 ϕθθΨ iS e+= ,                                      (16)
which is the original state of the first qubit. The average probability of successful decoding
given by the formula
∫∫= 212100 )0,( θθθθΦΦ ddpQq SS                                        (17)
is equal to 3/2 . The a posteriori probability  for preparation ( )21,θθ  and the results 0  and S
is
( ) ( ) ( )122221 sinsin2sin2
1),0,( θθθθθ =Sp .                                  (18)
We see that in the case of successful decoding the a posteriori probability is a product of two
marginal probabilities ),0(),0(),0,( 2121 SpSpSp θθθθ = , where
( )12211 sin2
1),0,(),0( θθθθθ == ∫ dSpSp                                    (19)
and
6( ) ( )2221212 sin2sin),0,(),0( θθθθθθ == ∫ dSpSp .                            (20)
Moreover, the marginal a posteriori probability distribution ),0( 1 Sp θ  is equal to the a priori
probability distribution )( 1θp . The information on the state of each qubit alone gained in the
process of decoding DaI  can be calculated from the formula
( ) ( ) ( ) ( )∫∫ +−= aaaaaaDa dSjpSjpdjpjpI θθθθθθ ,log,log 22 .                (21)
In the case of the decoded qubit (the first qubit in our example) the information gain
is 027.01 −=
DI bits and perfectly cancels the information gain EI1 . It means that all the
information about the state of the first qubit gained in the process of encoding is erased in the
process of decoding. On the other hand, the information gain on the state of the second qubit
is 252.02 =DI  bits. Thus the total information gain on the state of the second qubit is
279.022 =+
DE II  bits. This is the same amount of information which can be gained in the
process of projective measurement given by projectors 00  and 11  performed on the
second qubit in the original state 2Ψ .
It is also worth noting what amount of information we obtain in the case of failed
decoding. The calculation similar to the previous one shows that the information gain on the
state of each qubit alone is 252.021 == FF II  bits. Thus, the total information on the state of
each qubit gained in the processes of encoding and failed decoding is
279.02211 =+=+
FEFE IIII  bits, which is the same amount of information as obtained in the
process of projective measurements given by projectors 00  and 11  performed separately
on each qubit in its original state.
In conclusion, we have presented a probabilistic scheme which enables to encode the
states of two non-entangled qubits in a single qutrit. From this qutrit one can faithfully
reconstruct the state of one arbitrarily chosen qubit.
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